We present two band models for free fermion with charge conjugation symmetry in three dimensions. Without time reversal symmetry (TRS), the weak pairing gapless A-phase is a Majorana fermion px + ipy wave FFLO state while the strong pairing gapped B-phase belongs to topologically trivial Class D. With TRS, there is a Majorana fermion B-phase belonging to Class DIII with a non-zero Hopf invariant. The TRS A-phase is also a Majorana fermion FFLO state with TRS. The surface states of the TRS B-phase are either a valley-momentum locked Majorana-Dirac cone or a linear-quadratic mixed cone for a specific surface. The surface states of the A-phase on one surface are topologically nontrivial, either having Z or Z2 invariant depending on whether the system is TRS or not. The edge states of that surface are gapless Majorana modes. The Majorana fermion gapless FFLO states can be realized in critical Weyl semimetals (WSM) in which dual single Weyl nodes form dipoles and are nearly annihilated. The gapped B-phase emerges when Weyl node dipoles are about to be created. The WSM TaAs-family, a type-II WSM series MoxW1−xTe2-family, possible WSM La/LuBi1−x SbxTe3 and topological crystalline insulators Sn1−xPbx(Te,Se) are candidates to be manipulated into these critical states based on Majorana fermion models.
Introductions. Searching for Majorana fermions in condensed matter systems has been on-going since the concept of Majorana fermion was reintroduced to the condensed matter physics community by Moore and Read [1] . It gains a wide interest in the physics community because the Majorana bound state which is a bound state of a vortex and a zero mode of the Majorana fermion carries non-abelian statistics [1, 2] and non-abelian anyon serves as a qubit of topological quantum computation [3] .
Majorana fermion was used in a well-know exactly soluble model a long time ago, namely, the Ising model for classical spins which has a Majorana fermion representation. Moore and Read showed that the Majorana fermion may appear in ν = 5 2 fractional quantum Hall effect and the non-ablian anyon introduced by them is conformally equivalent to the vortex in the Ising model [1] .
Read and Green (RG) proved that the asymptotic limit of Moore-Read Pfaffian state of ν = 5 2 fractional quantum Hall effect is the Majorana fermion in a p x + ip y wave weak-pairing phase, the chiral p-wave superconductor [4] . A direct generalization of the chiral p-wave Dirac equations to the three-dimensions is by adding a nonrelativistic kinetic energy term, and the Dirac fermion is still the Majorana one [5] [6] [7] [8] . In this sense, the threedimensional Majorana fermion exists, e.g., in a 3 He superfluid. The Bogoliubov quasiparticles are the Fourier modes of the Majorana fermion. However, this kind of three-dimensional Majorana fermion is emerged from a two-dimensional relativistic theory in which the nonrelativistic quadratic kinematic term serves as a momentum dependent mass. We call this kind of Majorana fermion RG's Majorana fermion. It is still a task to look for the relativistic Majorana fermion in 3+1 dimensions that Majorana originally proposed in 1937 [9] , because a relativistic generalization of the RG's Bogoliubov-de Genes (BdG) equations to three dimensions does not support a 3+1 relativistic Majorana fermion.
Besides the p-wave superconductor, there are many continuous persistent efforts in finding the Majorana fermion, Majorana zero mode and Majorana bound state in one-and two-dimensional condensed matter systems, both theoretically and experimentally [10] [11] [12] [13] [14] [15] [16] .
In this article, we would like to propose a generic RG's Majorana fermion model in three dimensions, which is a two band free fermion model with a charge conjugation symmetry. If the time reversal symmetry(TRS) is broken, it is a direct generalization of the RG's BdG system. The ground state of the weak pairing gapless phase (A-phase) is a p x + ip y -wave Fulde-Ferrell-LarkinOvchinnikov (FFLO) state [17, 18] . The strong pairing gapped phase (B-phase) is in Class D and topologically trivial [19] [20] [21] . For the system with TRS, the FFLO Aphase is gapless and modulated by two TRS paired finite wave vectors which label Majorana points. This is a chiral symmetric system as the FFLO state at one Majorana point is the left chiral p-wave's while it is a right chiral p-wave's at the TRS dual Majorana point. Topological classification of the gapped B-phase belongs to Class DIII [19] [20] [21] and the topological invariant is the Hopf invariant, an integer Z, which resembles the superfluid of 3 He [22] .
For the TRS B-phase, there are single Majorana-Dirac cones with valley-momentum locking on one surface while linear-quadratic mixed cones can be observed on the other orthogonal surfaces. The number of the cones are determined by the bulk Hopf number. For the A-phase, there is a gapped topologically nontrivial surface while the states on other two orthogonal surfaces are trivial. The topological invariant on that nontrivial surface is either Z or Z 2 depending on whether the system is TRS or not. The edge states are either chiral gapless Majorana mode or two Majorana modes with opposite chiralities.
It is difficult to find a real material whose global band structure has a charge conjugation symmetry without interaction. It may exist in the vicinity of a Majorana point in Brillouin zone in the long wave length limit which we will discuss below. It was known that a Weyl node is a Berry curvature monopole in momentum space and a Fermi arc can be seen at the surface of a Weyl semimetal (WSM) [23] . We will show that the Majorana point may appear either when two dual single Weyl nodes are nearly annihilated in a WSM or such a pair of Weyl points is nearly created. We call these materials critical WSM and discuss the material realizations by manipulating Weyl nodes.
Models and Majorana valleys.
We study a generic two band model whose spectrum can be expanded at a given point
, ψ 2k ) with ψ sk the fermion annihilation operator and the Hamiltonian matrix H reads
where σ i are Pauli matrices and σ 0 is the 2 × 2 identity matrix; f µ may be expanded as a power series of q
They are convergent in Brillouin zone. Let us consider a special kind of f µ that obeys the following three conditions: (i) All even terms in f 0 are zero [24] . The chemical potential is then zero and the electrons are at half-filling;
(ii) keep only the even terms in one of f i . Without loss of generality, we take f i = f z ; (iii) there are only odd terms in other two f i = f x,y . For the reason given below, we call k m Majorana point if f µ satisfy these three conditions. The neighborhood in the vicinity of the Majorana point is called a Majorana valley. Notice that the number of the Majorana points does not suffer the lattice doubling for the numbers of Dirac or Weyl points [25] . A simple example of such kind of systems is a two band tight-binding model in a cubic lattice which is used to construct a general Weyl semimetal [26, 27] . This system is a generalized RG's Hamiltonian with a k-dependent mass term [4] and then describes a p-wave superconductor. It may satisfy the three conditions and the Majorana point is at Γ = (0, 0, 0). Another example is Weyl metal defined in a bipartite array of lattice planes with spinless fermions [28] [29] [30] . Majorana point is also at Γ. In general, Eq. (1) shows that the Majorana point has a finite wave vector. A simplest example we will study is given by
where f 0 is a linear term in q i and whose spectrum is
This spectrum is depicted in Fig. 1 .
The model (1) can be generalized to that with multiMajorana valleys, e.g., if the system has TRS, we then have two Majorana points which are TRS dual. For example, Eq. (3) can be generalized to that at valleys in the vicinity of Majorana points ±k
where H ± = ±(f 0 +v x q x σ x +v y q y σ y )+v z (m+q 2 z )σ z , and " · · · " stands for high energy terms far from the Fermi level and will be explained later after we study the discrete symmetries of the Hamiltonian. Charge conjugation symmetry and Majorana fermion. We now prove the Hamiltonian (1) obeying the three conditions is a Majorana fermion theory.
In real space, the electron field is defined by ψ T (r, t) = (ψ 1 (r, t), ψ 2 (r, t)) T = q (ψ 1k , ψ 2k ) T e iq·r−iEt . In the continuum limit, the quantum equations of motion of ψ(r, t) are given by
where
T and C 2 = 1 [31] . Explicitly,
Write Eq. (5) as the generalized Dirac equations of RG's Dirac equations [4] 
Following Read and Green [4] , ψ † 1 = ψ 2 is a necessary condition for any solution of (7) with the three conditions. Substituting this to Eq. (6), we see that the fermion field automatically obeys Majorana condition
This means that the two-band model obeying the three conditions is a Majorana fermion model. In fact, this is a result of the charge conjugation invariance of the Hamiltonian matrix H(r), CH(r)C = H(r). Topological properties and time reversal symmetric model. The Hamiltonian (1) does not have TRS, i.e., ΘHΘ −1 = H for Θ = iσ y K. This model belongs to Class D as a chiral p-wave superconductor [19] [20] [21] . In three dimensions, this Class is topologically trivial. Precisely, it is an FFLO state because of the finite wave vector of the Cooper pairs [17, 18] .
We now consider H 2MP , Eq. (4). When m > 0, the spectrum of H 2MP is fully gapped while there are four nodes if m < 0, which resembles the B-phase and Aphase in superfluid 3 He, respectively [22] . This Hamiltonian owns two TRS dual Majorana points and it is TRS, i.e., invariant under H ± → ΘH ± Θ −1 and ψ k → Θψ −k . It is also of a chiral symmetry and is charge conjugation invariant in the sense of CH ± (r)C = H ± (r) with C = σ x K. The " · · · " in H 2MP may break this charge conjugation symmetry but they are far from the Fermi level and can be neglected when studying the long wavelength physics.
The topological classification of H 2MP belongs to Class DIII. In three dimensions, this Class labels chiral symmetric p-wave topological superconductor with a topological number belonging to Z [19] [20] [21] . Here, the ground state is a chiral symmetric p-wave FFLO state. To define the topological invariant, we compactify the long wavelength wave vector space {q} into a three sphere S 3 . The Hamiltonian H 2MP induces a map from f : S 3 → S 2 , a Hopf mapping. The homotopy group π 3 (S 2 ) = π 3 (S 3 ) = Z gives a topological invariant, the Hopf invariant which describes the linking number between two curves in {q} [32] . A circle S 1 of S 3 is mapped to a point on S 2 . For example, S are mapped to points in the neighborhoods of the north and the south poles of S 2 , respectively:
where ϕ runs from 0 to 2π and q z = A(ϕ 0 ) is a real function of ϕ 0 . In the B-phase, m > 0, two neighborhoods can connect and make a two sphere S 2 . The Hopf invariant is +1. In the A-phase, m < 0, the point (0, 0, ±|m + q A-phase is topologically trivial. The topological properties of the A-and B-phases here resemble those in the A-and B-phase of superfluid 3 He [22] . If there are multi-pairs of the TRS dual Majorana points, every pair contributes one to Hopf invariant and the total Hopf invariant is given by the number of the pairs of the dual Majorana points. Surface states. The surface-bulk correspondence can verify the topological properties. The surface states of the Hamiltonians (3) and (4) can be easily solved. There are no topologically protected stable gapless surface states of (3) as expected. For the TRS system, the surface states of the B-phase on the [001] surface is described by the effective Hamiltonian H [001] ∝ v x q x τ x +v y q y τ y where the Pauli matrices τ x,y respect the valley degrees of freedom [33] . Analogous to the surface states of Z 2 topological insulator [34] , there is a Majorana-Dirac cone with valleymomentum locking (See Fig. 2 and [31] ). On each other surface, H surf ace ∝ v x,y q x,y τ x,y + v z q 2 z τ z . This gives a linear-quadratic mixed cone. Due to TRS, these cones are stable to a perturbation with TRS. For multi-pairs of the Majorana points, there will be multi-surface cones on a surface. Counting the number of the cones on a given surface gives the Hopf invariants of the bulk.
There is no topological protected two-dimensional gapless states on the surface of the A-phase while the edge states of the surface may be topologically protected. Consider a semi-infinite system with x a = 0 surface. For the Hamiltonians (3) and (4), the Dirac operator is reduced to a one-dimensional one which is topologically trivial on a two-dimensional surface. On the z = 0 surface, the x-y plane, the system is a gapped twodimensional FFLO state which is topologically nontriv-ial, either having a Z winding number for Hamiltonian (3) or a Z 2 invariant for Hamiltonian (4) . On the edges of the surfaces, there is a chiral Majorana gapless mode for the TRS breaking A-phase while two opposite chiral gapless modes with opposite valley indices travel on the edge of the surface of the TRS A-phase. The vortices on the z = 0 surface of the A-phases are then the nonabelian anyons because they can trap or not a Majorana zero mode, similar to that in the B-phase of Kitaev honeycomb model [3] . Constructing the qubits using these vortices will be studied elsewhere. FFLO ground states. We now show the ground states of the system are FFLO states by using the BdG equations. We study the Hamiltonian (1) and denote ψ k = (ψ 1k m +q , ψ 2k m +q ) T = (c 1q , c 2q ) T and do a unitary transformation by (10) so that the Hamiltonian are diagonalized asĤ ∝ q E q (α † q α q + β † q β q ). Then, (u ±q , v ±q ) are the positive and negative energy solutions of the following equations corresponding to Eq. (7):
One may immediately checked that there are the Majorana relations between the positive and negative so-
is not independent of α q . It turns out β q = α −q [31] . The correct Hamiltonian iŝ H = q E q α † q α q with α q = u * +,q c 1q + v * +,q c † 1,−q . The ground state of the system is annihilated by α q , i.e,
Notice that c † 1±q = ψ † 1k m ±q , the ground state is a pwave pairing FFLO state. The phase with m < 0 is the weak pairing A-phase [4] . It is gapless in three dimensions. A finite center-of-mass momentum of a Cooper pairs leads to a spatial modulation of the superconductor order parameter and than the spatial alternation of the superconducting and normal conducting areas. This may be detected by NMR [35] [36] [37] and heat capacity measurement [38] [39] [40] . The positive m B-phase is the strong pairing phase [4] which is a trivial insulator.
For the TRS model, each pair of Majorana points has two FFLO momenta with opposite signs. In the gapless A-phase, the p-wave FF-type state gives rise to a spatial modulated order parameter ∆(r, q) ∼ ∆(q x cos(k m · r) + q y sin(k m · r)). We hope this anisotropic modulation to q x and q y can be observed in the A-phase. Critical Weyl semimetals and material's realization. The Majorana points may exist in critical WSM. The critical WSM is named when two dual single Weyl nodes form a dipole and are nearly annihilated in WSM. In this critical region, both Weyl valley and band degrees of freedom cannot be detected as the Weyl nodes are not independent. The physical degrees of freedom reduce to one and thus the quasiparticle and quasihole bands are related by the Majorana constraint, i.e., a particle is also its anti-particle. The ground state in the Majorana valley is an FFLO state, the A-phase. Opposite to the annihilation of a pair of Weyl nodes, a Majorana point can also be created when a pair of Weyl points is about to emerge in an insulator with nearly closed gap. We call this the B-phase of the critical WSM. The Hamiltonian of the critical WSM is in general given by Eq. (1), e.g., the spectrum in the neighborhood of the Majorana point is of the shapes given in Fig. 1 . For a critical WSM with TRS, there at least two pairs of Weyl nodes due to TRS, which results a TRS dual pair of Majorana points.
The candidate materials of the critical WSM have already existed when the inversion symmetry breaking WSM with TRS was predicted and experimentally discovered [41] [42] [43] [44] [45] [46] . A pair of dual Weyl nodes in momentum space are very close in the type-I WSM, TaAs family. The spectra of TaAs family near the bottom of the band may asymptotically described by the Hamiltonian (1) and are of the shape similar to Fig. 1 (a) in long wavelength limit, with coordinates' redefinition. The Berry curvature dipolar structure of a pair of Weyl point was studied and its effect, quantum nonlinear Hall effect, was found [47] . Recently, an ab initio study showed that the Berry curvature dipoles may exist in two WSM series, TaAs-family and type-II WSM MoTe 2 -family [48] . Thus, the latter is also a possible candidate of the critical WSM.
For TaAs [49] . When δ (1) = 0, we have a pair of Majorana points. Furthermore, the gap opens when the external pressure or the magnetic field increases. A topological non-trivial B-phase appears. In TaAs family, there are eight pairs of Weyl nodes 2. Manipulating those Weyl nodes may lead to a Hopf invariant 2. To ensure the particle-hole symmetry, we require the Weyl point to be as close to the Fermi surface as possible.
There were already attempts to manipulate the Weyl nodes by high-pressure [50] [51] [52] . In Ref. [52] , there were evidences that topological crystalline insulator Pb 1−x Sn x Te becomes a WSM under pressure and Weyl nodes re-annihilate as pressure increases. In Ref. [53] , the critical WSM region in TaAs has already been reached under a high magnetic field. The annihilation of Weyl nodes and a gap opening were shown.
Doping is also a tool to manipulate WSM. Topological insulators LaBiTe 3 and LuBiTe 3 doped by Sb were predicted to be WSM LaBi 1−x Sb x Te 3 and LuBi 1−x Sb x Te 3 for x ≈ 38.5% − 41.9% and x ≈ 40.5% − 45.1%, respectively [54] . A topologically trivial state to type-II WSM transition was found in Mo x W 1−x Te 2 at x ≈ 7% [55] . The magnetically-doped (Mn, Eu, Cr, et al) Sn 1−x Pb x (Te,Se) topological crystalline insulators are possible to be transformed into a TRS breaking WSM [56] . In the critical region, one expects to find the critical WSM. The disorder may lead to the annihilation and creation of Weyl nodes and the WSM-insulator transition [57] . The Majorana representation. It is worth mentioning that if we take f i = f y in (ii) of the three conditions, say f y = m + q 2 y , the charge conjugation operator becomes Cψ = ψ * and the necessary condition of a solution of the equations of motion becomes a familiar one ψ † 1 (r, t) = ψ 1 (r, t), ψ † 2 (r, t) = ψ 2 (r, t),
i.e., ψ 1 and ψ 2 are "real" fermions. This is the Majorana representation. The unitary transformation (10) becomes α q = u +,q c 1q + v +,q c 2q , β q = u −,q c 1q + v −,q c 2q , (14) where u ±,q and v ±,q are real and the Majorana condition reads c s,q = c † s,−q . The ground state is then a threedimensional Kitaev chiral spin liquid, which was widely studied recently [58] . We thus predict the critical WSM as an alternative kind of Kitaev materials besides the iridates and α-RuCl 3 [59] [60] [61] [62] .
For f i = f x in (ii), the charge conjugation operator is Cψ = σ z ψ * . The Majorana condition becomes ψ † s (r, t) = sψ s (r, t).
Conclusions. We proposed three-dimensional RG's Majorana fermion models whose weak pairing ground state is the p-wave FFLO state. For a TRS model, the B-phase is topologically nontrivial with a nonzero Hopf invariant. Exotic gapless Majorana surface states were found. The number of surface cones counts the Hopf invariant. The topologically nontrivial surface states of the A-phase were found and the gapless Majorana edge modes were shown. We predicted that these Majorana states can be realized in existed and expected WSM systems with external field, pressure or doping manipulations.
